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Abstract
We calculate dimensional reduction of gravitational flux tube solutions in the scheme of Kaluza–Klein theory. The fifth
dimension is compactified to a region of Planck size. Assuming the width of the tube to be also Planck size we obtain string-
like object with physical fields originated from an initial 5D metric. The dynamics of these fields is inner one.
 2002 Elsevier Science B.V.
1. Introduction
In string theory it assumed that strings are line-like
objects without inner structure. Historically, strings
arose in an attempt to explain the infinitely rising
Regge trajectories of hadrons. In field theory such
objects were found in non-Abelian gauge theory in
the form of Nielsen–Olesen flux tubes with a fi-
nite thickness. We would like to point out that in
5D Kaluza–Klein gravity there are vacuum solutions
which have the form of strings [1].
Initially, the thickness of a string in quantum
field theory is arbitrary since the classical theory is
scale invariant. Quantum fluctuations, however, will
fix a scale and string obtains a thickness. The finite
thickness gives such a string an extrinsic curvature
stiffness [2,3] which is absent in the Nambu–Goto
string Lagrangian.
Ordinary, string dynamics arises from a field equa-
tions for the movement in an external spacetime. Of
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coarse we do not have any another possibility because
strings can have only such degrees of freedom as their
coordinates. One can call such string dynamics as an
external dynamics. The string-like objects derived here
have an inner structure, and thus an inner dynam-
ics: the dynamics of inner degrees of freedom. In this
case we do not need for an external space–time for
the description of such kind of string dynamics. Ordi-
nary, the fields on strings are introduced by hand but
if strings has an inner structure then some fields will
arise by the natural way as the consequence of the in-
ner structure.
The basic goal of this Letter is to show that for
string-like objects considered here (gravitational flux
tube solutions) the fields on string have the origin from
the 5D metric and the dynamics follows from the 5D
Einstein’s equations.
2. Gravitational flux tube solutions
We begin with a brief reminder of the flux tube
solutions [4] of the vacuum Kaluza–Klein gravity.
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The topology of these solutions is M2 × S2 × S1,
where M2 is the 2D space–time spanned on the time
and longitudinal coordinate r; S2 is the cross section
of this flux tube solution and it is spanned on the
ordinary spherical coordinates θ and ϕ; S1 = U(1) is
Abelian gauge group which in this consideration is the
5th dimension.
The possible reduction from a flux tube to strings is
based on the following remark: the linear sizes of S2 is
not defined from Einstein’s equations and can be arbi-
trary. Our strategy is that we set the radius of sphere S2
to a Planck length lPl. In QCD the transversal sizes of
flux tube stretched between quark–antiquark is an in-
ner property: in principle, it can be calculated inside
of QCD. This gives us a possibility that after quan-
tum fluctuations are taken into account, the calculated
thickness of the gravitational flux tube will be of the
order of the Planck scale.
Mathematically the cross section of the flux tube
is not the point but physically it is indistinguishable
with a point because one of the paradigms of quantum
gravity claims that the lengths less the Planck length
have not any sense. Thus, from this physical point of
view our flux tube solution after this reduction is like
to string (of coarse we should have the length of the
5th coordinate ≈ lPl, too).
Now we can consider more carefully the flux tube
solutions [4] in 5D Kaluza–Klein gravity. The 5D
metric we take in the form
ds2 = e2ν(r) dt2 − l20e2ψ(r)−2ν(r)
× [dχ +ω(r) dt +Q cosθ dϕ]2
(1)− dr2 − a(r)(dθ2 + sin2 θdϕ2),
where χ is the 5th extra coordinate; r, θ,ϕ are 3D
spherical-polar coordinates; Q is some constant; r ∈
{−r0,+r0} (r0 may be equal to ∞); l0 is the radius of
5th coordinate; ω(r) is the t-component of the elec-
tromagnetic potential and Q cosθ is the ϕ-component.
This means that we have radial Kaluza–Klein electri-
cal Er and magneticHr ∝Q/r2 fields. The R5χ equa-
tion
ω′′ − 4ν′ω′ + 3ω′ψ ′ + a
′ω′
a
(2)= e
−3ψ+4ν
4πa
(
ω′e3ψ−4ν4πa
)′ = 0,
give us
(3)Er = ω′ = q
a
e4ν−3ψ,
where q is some constant. From the R5χ equation
we see that it is like to the Maxwell equation in
a continuous medium. In this case e3ψ−4ν is like
to a dielectric permeability and Dr = ω′e3ψ−4ν is a
dielectric displacement. The flux of electric field in
this case is
(4)Φ =Dr × S = 4πaω′e3ψ−4ν = 4πq.
Consequently we can identify the constant q with an
electric charge. One can note that it is not the point
charge located in some point but this constant is an
amount of the electric force lines. In Ref. [4] was
shown that the solutions of the 5D Kaluza–Klein equa-
tions with this metric have the following qualitative
behavior:
(1) 0  HKK < EKK (or q > Q). The solution is
the regular finite flux tube. The throat between
the surfaces at ±r0 is filled with both “electric”
and “magnetic” fields. The longitudinal distance
between the ±r0 surfaces depends on the relation
between electric and magnetic fields;
(2) HKK = EKK (or q =Q). In this case the solution
is an infinite flux tube filled with constant electric
and magnetic fields. The cross-sectional size of
this solution is constant (a = const);
(3) 0EKK <HKK (or q <Q). In this case we have
a singular finite flux tube located between two (+)
and (−) electrical and magnetic charges located
at ±r0. Thus the longitudinal size of this object
is again finite, but now the cross sectional size
decreases as r → r0. At r = ±r0 this solution
has real singularities which we interpret as the
locations of the charges.
Here r0 defines the places where ds2 = 0 (χ, θ,ϕ =
const, r =±r0). Let us introduce a parameter δ = 1−
Q/q . For us is interesting the first kind of solutions:
finite and infinite flux tube for which we have δ  0.
We can consider (for δ > 0, δ = 0) the limited region
(|r|  r0) of this solution for which a ≈ l2Pl. In
Ref. [1] it is shown that this part (|r| r0) of the flux
tube solution (|r| ∞) can be considered as a thin
flux tube filled with the electric and magnetic fields.
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According to the above mentioned reasonings it is a
string-like object, for the care we can call his as a
thread.
It is necessary to note that one can insert this part
of flux tube solution between two Reissner–Nordström
black holes [5]. This situation is much more in-
teresting because it is like to string attached to 2
D-branes: the flux tube solution is the string, each
Reissner–Nordström solution is D-brane and joining
on the event horizon takes place. In this approach the
string (dimensionally reduced flux tube solution) has a
lightlike world sheet boundaries what is very close to
H -branes approach introduced in Ref. [6].
3. Reduction of flux tube to string
Now we would like to reduce our initial 5D
Lagrangian to 2D Lagrangian. At this step we set
the sizes of 5th and S2 dimensions ≈ lPl. The first
step is the usual 5D → 4D Kaluza–Klein dimensional
reduction. Following, for example, to review [7] we
have
(5)
1
16π
(5)
G
(5)
R = 116πG
(4)
R −14φ
2FµνF
µν + 2
3
∂αφ∂
αφ
φ2
,
where
(5)
G=G ∫ dx5 is 5D gravitational constant; G is
4D gravitational constant;
(5),(4)
R are 5D and 4D Ricci
scalars, respectively. The 5D metric has the following
form
d
(5)
s2 = gAB dxA dxB
= gµν
(
xα
)
dxµ dxν
(6)− φ2(xα)(dx5 +Aµ
(
xα
)
dxµ
)2
,
where A,B = 0,1,2,3,5 are 5D indices; µ,ν =
0,1,2,3 are 4D indices. The determinant of 5D and
4D metrics are connected as
(5)
g =(4)g φ. We assume
that the length of 5th dimension is ≈ lPl. One of
the paradigm of quantum gravity says us that it is
a minimal length in the Nature. Physically it means
that not any physical fields can have any structure
inside this region. For us it means that these fields
f (xµ)≈ f (xµ + δxµ) if δxµ  lPl. These arguments
allow us to say that the physical fields are not depend
on the 5th coordinate (of coarse, if its length is ≈ lPl)
and consequently ∂f/∂xµ ≈ 0 inside Planck scale.
The next step is reduction from 4D to 2D. Let us
remember that we consider the region of space–time
where the topology is M2 × S2 × S1 and the linear
sizes of S2 are ≈ lPl. As above we can conclude that
all physical fields cannot depend on the coordinates on
the sphere S2. For an external observer it is a physical
(not mathematical!) point. Our statement is that this
point cannot be colored by different colors. The 4D
metric can be expressed as
d
(4)
s2 = gµν dxµ dxν
= gab
(
xc
)
dxa dxb + χ(xc)(ωi¯ +Bi¯a
(
xc
)
dxa
)
(7)× (ωi¯ +Bi¯a
(
xc
)
dxa
)
,
where a, b= 0,1; xa are the time and longitudinal co-
ordinates;−ωi¯ωi¯ = dl2 is the metric on the 2D sphere
S2; all physical quantities gab,χ and Bi¯a can depend
only on the physical coordinates xa . Accordingly to
Ref. [8] we have the following dimensional reduction
to 2 dimensions
(4)
R = (2)R +R(S2)− 14Φ
i¯
abΦ
ab
i¯
− 1
2
hij hkl
(
DahikD
ahjl +DahijDahkl
)
(8)−∇a(hijDahij
)
,
where
(2)
R is the Ricci scalar of 2D space–time;Dµ and
Φi¯ab are, respectively, the covariant derivative and the
curvature of the principal connection Bi¯a and R(S2) is
the Ricci scalar of the sphere S2 = SU(2)/U(1) with
linear sizes ≈ lPl; hij is the metric on L
(9)su(2)= u(1)⊕L,
(10)su(2)= Lie(SU(2)),
(11)u(1)= Lie(U(1)),
here L is the orthogonal complement of u(1) algebra
in su(2) algebra; the index i ∈ L. The metric hij is
proportional to the scalar χ in Eq. (7).
Now we would like to consider the situation with
the electromagnetic fields Aµ and Fµν .
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(12)
Aµ = {Aa,Ai} Aa is the vector; Ai are 2 scalars;
(13)
Fab = ∂aAb − ∂bAa is the Maxwell tensor for Aa;
(14)Fai = ∂aAi;
(15)Fij = 0,
here we took into account that ∂i = 0 as the point
cannot be colored.
Connecting all results we see that only the follow-
ing physical fields on the our string-like object (thread)
are possible: 2D metric gab, gauge fields Bi¯a , vec-
tors Aa , tensors Fab,Fai¯,Φ
i¯
ab, scalars χ and φ.
4. Discussion
The gravitational flux tube solutions with the cross
section on the Planck level are interesting objects. In
the longitudinal direction they have classical proper-
ties but in the transversal directions they become quan-
tum mechanical. In fact, it is some mixture of classical
and quantum characteristics in one object! For exam-
ple, on the thread we can investigate such extra com-
plicated quantum object as space–time foam only in
two dimensions. Also in the case of small perturba-
tions on the background flux tube metric the transport
of energy through this string-like object from one part
of Universe to another becomes possible and so on.
Another interesting property in this approach is that
the string-like objects are the objects in the spirit of the
Kaluza–Klein paradigm in gravity, i.e., a dimensional
reduction of some initial high-dimensional pure grav-
itational space–time to another low-dimensional one.
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